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We analyze density-density correlations of expanding clouds of weakly interacting two-dimensional
Bose gases below and above the Berezinskii-Kosterlitz-Thouless transition, with particular focus on
short-time expansions. During time-of-flight expansion, phase fluctuations of the trapped system
translate into density fluctuations, in addition to the density fluctuations that exist in in-situ. We
calculate the correlations of these fluctuations both in real space and in momentum space, and
derive analytic expressions in momentum space. Below the transition, the correlation functions
show an oscillatory behavior, controlled by the scaling exponent of the quasi-condensed phase, due
to constructive interference. We argue that this can be used to extract the scaling exponent of the
quasi-condensate experimentally. Above the transition, the interference is rapidly suppressed when
the atoms travel an average distance beyond the correlation length. This can be used to distinguish
the two phases qualitatively.
PACS numbers: 67.85.-d, 03.75.Hh, 03.75.Lm
I. INTRODUCTION
Phase coherence is a defining feature of degenerate
Bose gases. In three-dimensions (3D), a degenerate Bose
gas shows long-range phase coherence, i.e., the single-
particle correlation function approaches a constant at
large distances. A weakly interacting Bose gas in two-
dimensions (2D), however, shows quasi-long-range coher-
ence [1, 2], i.e., the single-particle correlation function de-
cays algebraically. As the temperature is increased, the
magnitude of the algebraic scaling exponent increases,
until it reaches a universal value, at which the system
undergoes a phase transition. Above the transition, the
correlation function decays exponentially. This transition
was predicted by Berezinskii [3] and by Kosterlitz and
Thouless [4], and is known as the Berezinskii-Kosterlitz-
Thouless (BKT) transition. It has been observed in sev-
eral experiments, such as 4He films [5] and trapped Bose
gases [6–9].
Given the universal importance of correlations, detect-
ing both single-particle and beyond single-particle cor-
relations is of great interest. A seminal study was the
measurement of correlations in far-field intensity fluctua-
tions of thermal light sources, observed first in Ref. [10],
the Hanbury-Brown Twiss effect [11, 12]. In analogy
to light sources, correlations in density fluctuations have
been observed in expanding thermal Bose gases [13–18]
and Fermi gases [19, 20]. The idea of probing many-
body states of ultracold atoms using noise correlations
was first suggested in Ref. [21]. Since then, noise corre-
lations have been used to study quantum phases, such as
the Mott-insulator transition in 2D Bose gas [22]. The-
oretical investigations of noise correlations in 1D Fermi
gases were reported in Ref. [23, 24], of 1D Bose gases in
Ref. [24, 25], and of 2D Bose gases in Ref. [25, 26]. The
spectrum of these correlations in an expanding 2D Bose
gas has been studied experimentally in Ref. [27, 28].
In this paper we investigate if and how the BKT tran-
sition in ultra-cold atom systems can be detected via
noise correlations, and what its signature is. For this
purpose, we study the density-density correlations in ex-
panding clouds of 2D Bose gases, with particular focus on
short-time expansions, both above and below the tran-
sition temperature. In experiments, the atoms are ini-
tially trapped in a trap, and then released by turning
off the trap. During the subsequent free ballistic expan-
sion, phase fluctuations present in the trapped system
translate into density fluctuations [29]. We calculate the
correlations of these fluctuations for a homogeneous sys-
tem of weakly-interacting bosons in the thermodynamic
limit, both in real space and in momentum space, for
both the temperature regime of algebraic scaling and of
exponential scaling. We find that in the quasi-condensed
phase a long-lived interference pattern is visible in the
noise correlations, whereas in the thermal phase con-
structive interference is suppressed after short times of
flight. Furthermore, we argue that the shape of the in-
terference pattern and its dependence on the algebraic
scaling exponent can be used to determine this exponent
experimentally.
This paper is organized as follows: In Sec. II we discuss
how the in-situ correlations of the system are related to
the density-density correlations of two-dimensional Bose
gases in a time-of-flight expansion. We first consider
only in-situ phase fluctuations, and calculate the density-
density correlation function of an expanded cloud of 87Rb
atoms below and above the BKT transition in Sec. III.
In Sec. IV we derive an analytic expression for the spec-
trum of the density-density correlations of the 2D quasi-
condensate (below the BKT transition). We show a com-
parison to numerical results, and discuss the properties of
the analytic solution. In Sec. IV A we analyze the scaling
behavior of the peaks for the spectrum of density-density
correlations of the condensed phase, and derive an ana-
lytic expression for the spectral peak locations. In Sec.
IV B we show the spectrum of density-density correla-
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2FIG. 1. (Color online). Evolution of the two-point density correlation function g2(r, t) is shown after successive expansion
times t for the algebraic and exponential regime of a 2D Bose gas of 87Rb atoms. Panels (a)–(g) are for algebraic decay with
scaling exponent τ = 0.2 and the short distance cutoff a = 1µm. Panels (h)–(n) are for exponential decay with the correlation
length r0 = 1µm and c0 = 1, see Eq. 12.
tions for the exponential regime of 2D Bose gases (above
the BKT transition). In Sec. V we expand the analysis
to include in-situ density fluctuations of the 2D Bose gas.
We analyze their impact on the density-density correla-
tions and the spectrum of these correlations in time-of-
flight expansion. We summarize our results and conclude
in Sec. VI.
II. CORRELATIONS IN TIME-OF-FLIGHT
In this section, we relate the density-density correla-
tions in time-of-flight to the in-situ correlations. The
expansion of the atoms is assumed to be ballistic after re-
lease from a tight transverse confinement. Due to the fast
expansion in the transverse direction, interaction effects
are suppressed quickly during time-of-flight. We consider
correlations of the column density, i.e., averaged over the
transverse direction (z-axis), which reduces the analysis
to two-dimensional expansion. The time evolution of the
bosonic field operator is given by [30]
Ψˆ(r, t) =
∫
d2r′G2(r− r′, t)Ψˆ(r′, 0). (1)
Here, Ψˆ(r, t) is the bosonic single-particle annihilation
operator at time t, and Ψˆ(r′, 0) is the initial single par-
ticle operator. The Green’s function of free propagation
for a 2D system is defined as
G2(r− r′, t) = G1(x− x′, t)G1(y − y′, t), (2)
where
G1(ξ, t) =
√
m
2piih¯t
exp
(
i
mξ2
2h¯t
)
(3)
with h¯ being the reduced Planck constant, m the atomic
mass, and t the expansion time. We now introduce the
two-particle density matrix for the bosonic fields as
ρ(r1, r2, r3, r4; t) = 〈ψˆ†(r1, t)ψˆ†(r2, t)ψˆ(r3, t)ψˆ(r4, t)〉 .
(4)
The density-density correlations can be written in terms
of the two-particle density matrix as
〈nˆ(r1, t)nˆ(r2, t)〉
n(r1, t)n(r2, t)
=
ρ(r1, r2, r1, r2; t)
n(r1, t)n(r2, t)
+
δ(r1 − r2)
n(r1, t)
, (5)
where n(r, t) = 〈nˆ(r, t)〉 = 〈ψˆ†(r, t)ψˆ(r, t)〉 is the av-
erage density at time t. The above expression has
two terms on the right-hand side. The first term
is the two-point density correlation function, and the
second one is the shot-noise contribution that comes
from the normal ordering of the bosonic field opera-
tors. The two-point density correlation function is re-
lated to the two-particle density matrix as g2(r1, r2; t) ≡
ρ(r1, r2, r1, r2; t)/(n(r1, t)n(r2, t)). For homogeneous
systems, g2(r1, r2; t) depends only on the absolute value
of the relative distance |r1 − r2|. Therefore, the density-
density correlations for a homogeneous 2D system is
〈nˆ(r, t)nˆ(0, t)〉
n20
= g2(r, t) +
δ(r)
n0
. (6)
Here, n0 is the average density for a homogeneous 2D sys-
tem. Next, we calculate the two-point density correlation
function g2(r, t) of the expanded cloud. The observable
measured experimentally is the density-density correla-
tion function, which differs by the shot-noise term. The
free evolution of the two-point density correlation func-
tion for a 2D system is given by
g2(r1, r2; t) =
1
n20
∫
d2r3
∫
d2r′3
∫
d2r4
∫
d2r′4
×G2(r13, t)G2(r24, t)G∗2(r′13, t)
×G∗2(r′24, t)ρ(r′3, r′4, r3, r4; 0), (7)
where rij ≡ ri − rj and r′ij ≡ ri − r′j . Using the trans-
lational invariance of the two-point density correlation
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FIG. 2. (Color online). The density correlation function
g2(r, t) of an expanding cloud of
87Rb atoms below the BKT
transition (quasi-condensed phase) after two different expan-
sion times t, (a) t = 0.5 ms, and (b) t = 3 ms. The blue,
dot-dashed line corresponds to the scaling exponent τ = 0.2;
the purple, dashed line corresponds to τ = 0.5; the red, solid
line corresponds to τ = 0.8.
function, and Eqs. (2) and (3), we get the following ex-
pression:
g2(r12, 0; t) =
1
n20
( m
4pih¯t
)2 ∫
d2r
∫
d2r′ exp
(
i
m
4h¯t
× [(r12 − r)2 − (r12 − r′)2])
× ρr(r′; r; 0), (8)
where ρr(r
′; r; t) ≡ ρ
(
r′
2 ,− r
′
2 ,
r
2 ,− r2 ; t
)
. In the above
expression, we have used the center of mass transforma-
tion, hence the reduced mass m/2 as compared to the
expansion of a single atom in Eq. (3). After Fourier
transforming the Green’s functions, we write this as
g2(r, t) =
1
(2pin0)2
∫
d2q
∫
d2R cosq · r cosq ·R
×
〈
ψˆ†
(
h¯qt
m
, 0
)
ψˆ†(R, 0)ψˆ
(
R+
h¯qt
m
, 0
)
ψˆ(0, 0)
〉
,
(9)
which gives the two-point density correlation function at
time t.
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FIG. 3. (Color online). The correlation function g2(r, t) of
an expanded cloud of 87Rb atoms above the BKT transi-
tion (thermal phase) after two different expansion times t,
(a) t = 0.5 ms, and (b) t = 3 ms. The blue, dot-dashed line
corresponds to the correlation length r0 = 1µm; the purple,
dashed line corresponds to r0 = 2µm; the red, solid line cor-
responds to r0 = 3µm. We set c0 to be 1.
2D Bose gases
A two-dimensional Bose gas in equilibrium undergoes
the BKT phase transition, defined through the long-
range behavior of the two-point correlation function. The
two-point correlation function of the field is defined as
g1(r) =
〈ψˆ†(r)ψˆ(0)〉
n0
. (10)
As discussed in Ref. [34] we write the single particle op-
erator as Ψ(r) ≈ exp(iθˆ(r))√nˆ(r). nˆ(r) is the density
operator and θˆ(r) is the phase. We write the density
operator as nˆ(r) = n0 + δnˆ(r), where δnˆ(r) is the opera-
tor of density fluctuations and n0 is the average density.
For now, we neglect density fluctuations and only con-
sider the phase fluctuations of the gas. We will investi-
gate the corrections due to density fluctuations in Sect.
V. Thus, the single particle operator is approximated
by Ψ(r) ≈ √n0 exp(iθˆ(r)). As described in Ref. [34]
the single particle correlation function is approximately
g1(r) = n0 exp(−〈∆θ(r)2〉/2), where ∆θ(r) ≡ θ(r)−θ(0).
In the quasi-condensed phase, the correlation function of
the phase scales logarithmically. Therefore, the two-point
4correlation function decays algebraically as
g1(r) ≈
(
a2
a2 + |r|2
)τ/8
≡ Fa(r), (11)
where a is a short distance cutoff [31]. τ is the scaling
exponent [32, 33], which varies from 0 to 1 as the temper-
ature is increased from 0 to the Kosterlitz-Thouless tem-
perature Tc. Above the critical temperature, the corre-
lation function of the phase scales linearly, and therefore
the functional form of the two-point correlation changes
to exponential decay as
g1(r) ≈
(
c20
c20 + 4 sinh
2(|r|/r0)
)1/2
≡ Fe(r), (12)
where r0 is the correlation length. To determine the two-
particle density matrix we evaluate
ρ(r1, r2, r3, r4) ∼ n20〈e−iθˆ(r1)−iθˆ(r2)+iθˆ(r3)+iθˆ(r4)〉.(13)
As described in Ref. [24] this gives
ρ(r1, r2, r3, r4) ∼ n20Fi(r13)Fi(r14)Fi(r23)Fi(r24)Fi(r12)Fi(r24) , (14)
where i stands for algebraic or exponential regime as
i = a, e. Therefore, the two-point density correlation
function for the phase fluctuating 2D Bose gas is
g2(r, t) =
1
(2pi)2
∫
d2q
∫
d2R cosq · r cosq ·R
×
(
Fi(qt)2Fi(R)2
Fi(R− qt)Fi(R+ qt)
)
, (15)
where qt ≡ h¯qt/m.
III. REAL SPACE DENSITY CORRELATIONS
In this section, we discuss g2(r, t) of a cloud of
87Rb
atoms below and above the BKT transition. We evaluate
g2(r, t) numerically by using Eq. (15). For a finite system
L we replace the components x and y of r = (x, y) by
x→ L/pi sin(pix/L), and analogously for y. We calculate
g2(r, t) for the quasi-condensed phase (below the BKT
transition) with three different scaling exponents τ after
0.5 ms and 3 ms expansion times, see Fig. 2. We set the
short distance cutoff a to be 1µm. In Fig. 3 we show
g2(r, t) for the thermal phase (above the BKT transition)
for three different correlation lengths r0 after 0.5 ms and
3 ms expansion times .
Comparing Figs. 2 and 3 we again see an oscillatory
behavior due to interference, which is also shown in Fig.
1. This interference pattern persists for longer expansion
times for the quasi-condensed phase, while it vanishes for
the thermal phase after a short expansion time. It van-
ishes earlier, if the the correlation length is small, as can
be seen from Fig. 3. Furthermore, we observe that the
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FIG. 4. (Color online). The spectrum of the density-density
correlations 〈|ρ(q)|2〉 /n20 of an expanded cloud of 87Rb atoms
below the BKT transition (quasi-condensed phase) after two
different expansion times t. (a) t = 0.5 ms, and (b) t = 3 ms.
The blue, solid line corresponds to τ = 0.1; the purple, solid
line corresponds to τ = 0.2; the red, solid line corresponds to
τ = 0.5. These lines are the analytic results obtained from
Eq. (18). The filled circles are numerical results obtained for
a finite size system from Eq. (17).
overall magnitude of g2(r, t)−1 increases with increasing
τ below the BKT transition, and with decreasing correla-
tion length r0 above the transition. Both cases, increas-
ing τ and decreasing r0, describe increasing temperature,
and therefore an overall increase of the noise level.
IV. CORRELATIONS IN MOMENTUM SPACE
In this section, we discuss the power spectrum density-
density correlations, defined as [36]
〈|ρ(q, t)|2〉
n20
=
∫
d2r cosq · r[g2(r, t)− 1], (16)
which is essentially the Fourier transform of g2(r, t). We
thus Fourier transform Eq. (15) and get
〈|ρ(q)|2〉
n20
=
∫
d2r cosq · r
(
Fi(qt)2Fi(r)2
Fi(r− qt)Fi(r+ qt) − 1
)
.
(17)
This quantity can be obtained experimentally by deter-
mining the density-density correlations for a single real-
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FIG. 5. (Color online). Comparison of mean-field spectral
peak locations to the peak locations obtained numerically
from Eq. (17) for the quasi-condensed phase with exponent
τ = 0.1, after several expansion times t. The light blue, solid
line and the orange, dashed line are the square of wavevec-
tors corresponding to the first (n = 1) and the second (n = 2)
spectral peak, respectively, obtained by the mean-field results,
Eq. (21), for 3 ∼ 20 ms expansion times. The filled squares
and the filled circles are the numerical results corresponding
to n = 1 and n = 2 spectral peak, respectively, obtained
numerically from Eq. (16) for a finite system.
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FIG. 6. (Color online). The shift ∆qn of spectral peak
locations of the density-density correlations for the quasi-
condensed phase with exponent τ = 0.1 after various expan-
sion times t. The filled circles, the filled squares, and the
filled triangles are results for the shift corresponding to the
first (n = 1), the second (n = 2), and the third (n = 3) spec-
tral peak, respectively, obtained numerically from Eq. (17)
for a finite system. The solid lines are shifts of the corre-
sponding spectral peaks, obtained from Eq. (20) and plotted
as function of expansion time. The dashed lines are shifts of
the corresponding spectral peaks, obtained from Eq. (22).
ization, and then repeating the measurement and average
over realizations. We first derive an analytic expression
for the spectrum of density-density correlations for the
quasi-condensed phase by expanding the two-point corre-
lation function, Eq. (11), to first order in τ (see Appendix
A for details). We get the following analytic result:
〈|ρ(q)|2〉
n20
≈ piaτK1(aq)
q
(
a2
a2 + q
2h¯2t2
m2
)τ/4
×
(
1− cos
(
q2h¯t
m
))
, (18)
where K1 is the Bessel function of second kind and q ≡
|q|. The above expression is a product of three terms on
the right-hand side. The first one is an exponential decay
with the short distance cutoff a for the quasi-condensed
phase of the Bose gas. This term is time-independent,
and purely a result of the system having a short range
cutoff. The third one is the mean-field term, see [25]. If
the system had perfect coherence, this term generates an
undamped interference pattern. The second term is due
to quasi-long-range order: As the atomic cloud expands,
the atoms interfere with other atoms from the system
further and further apart. As a result the constructive
interference diminishes following a power-law.
We evaluate the spectrum of the density-density cor-
relations by numerical integration of Eq. (17) for a finite
system and compare these results to the analytic results
obtained from Eq. (18) for a cloud of 87Rb atoms be-
low the BKT transition. We consider a two-dimensional
finite system of length L for the numerical calculations.
Figure 4 shows a direct comparison of the analytic re-
sults to the numeric ones for three different temperature
dependent exponents τ after 0.5 ms and 3 ms expansion
times. Both numeric and analytic results are in good
agreement, especially for small exponents τ .
We observe that the magnitude of the spectral peaks
increases with both the expansion time and the scal-
ing exponent τ . In particular for small momenta, cor-
responding to large distances, we can expand Eq. (18)
and obtain:
〈|ρ(q)|2〉
n20
≈ piτ h¯
2q2t2
2m2
. (19)
We note that the dependence on a drops out, and that
the overall magnitude of the noise just scales linearly in
τ . We propose to detect τ by fitting the power spectrum
with either Eq. (18) or Eq. (19).
A. Spectral peak locations
We now discuss the scaling behavior of the spectral
peaks, as shown in Fig. 4, and derive analytic expressions
for the spectral peak locations from Eq. (18). The shift
of the spectral peak locations owing to the temperature
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FIG. 7. (Color online). The spectrum of the density-density
correlations 〈|ρ(q)|2〉 /n20 for a cloud of 87Rb atoms above the
BKT transition (thermal phase) after two different expansion
times t. (a) t = 0.5 ms, and (b) t = 3 ms. The blue, dashed
line corresponds to the correlation length r0 = 1µm; the pur-
ple, dot-dashed line corresponds to r0 = 2µm; the red, solid
line corresponds to r0 = 3µm. We set c0 to be 1.
and the expansion time is given by (see Appendix B)
∆qn ≈ qn0L2n
(
qn0t
2τ h¯2K1(aqn0) + 2aL
2
nm
2K2(aqn0)
)
×
[
qn0
(
2a2m2(a4 − q4nt) + t2
(−2a2τ
+ L2n(τ − 4q2n0q2nt)
)
h¯2
)
K1(aqn0) + 2am
2L2n
× (3L2n + q2ntτ)K2(aqn0)]−1, (20)
where K1 and K2 are the Bessel functions of the second
kind, and L2n(t) = a
2 + q2nt, where qnt ≡ qn0h¯tm . Here, qn0
is defined as
qn0 =
√
(2n− 1)pim
h¯t
, (21)
which is the location for the spectral peaks obtained from
the mean-field term in Eq. (18). n is the peak order
number.
To analyze Eq. (20), we consider two different cases for
the shift of the spectral peak locations as either aqn0  1
or aqn0  1. For aqn0  1, i.e., t  ma2h¯ (2n − 1)pi, a
simplified expression for the spectral peak shift is given
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FIG. 8. (Color online) We show g2(r, t) for the quasi-
condensed phase of 87Rb atoms with a density of n0 =
40µm−2 after two different expansion times t. In panel (a)
we use t = 1 ms, and in panel (b) t = 3 ms. The dashed
and the dot-dashed lines show the result based on Eq. (27),
which takes into account density fluctuations. For compari-
son, we show the result for the phase fluctuations only, based
on Eq. (15), as solid lines. In particular, the blue line with
filled circles and the red line with filled squares correspond
to τ = 0.2 and τ = 0.8, respectively, with phase fluctuations
only. The blue, dashed line with empty circles and the red,
dot-dashed line with empty squares correspond to τ = 0.2
and τ = 0.8, respectively, with both density and phase fluctu-
ations. For the case of τ = 0.2 we use a de Broglie wavelength
of λT ≈ 0.7µm, and for τ = 0.8 we use λT ≈ 0.4µm.
by (see Appendix B for details)
∆qn ∼ − qn0(4 + τ)
4(2n− 1)2pi2 + 2ma2h¯t (2n− 1)pi − 5τ − 12
,
(22)
which is the first-order correction to the spectral peak
locations.
In Fig. 5, we compare locations of the spectral peaks
obtained from the mean-field results, Eq. (21), to the
spectral peak locations obtained numerically from Eq.
(17) for a finite system. We observe that the spectral
peak locations are shifted towards lower wavevectors q
than the mean-field locations. However, the shift of the
spectral peak locations becomes negligible for large peak
order numbers n.
Figure 6 shows the shift of the spectral peak loca-
tions on semi-logarithmic scale for different peak order
numbers n after various expansion times for the quasi-
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FIG. 9. (Color online). The spectrum of density-density cor-
relations 〈|ρ(q)|2〉 /n20, including the contribution due to in-
situ density fluctuations, for a quasi-condensate of 87Rb atoms
with a density of n0 = 40µm
−2 after several expansion times
t, for τ = 0.8. The gray, solid line corresponds to the original
quasi-condensate (t = 0); the purple, dot-dashed line cor-
responds to t = 0.5 ms; the red, dashed line corresponds to
t = 1 ms; the light blue, dotted line corresponds to t = 1.5 ms.
The thermal de Broglie wavelength is λT ≈ 0.4µm.
condensed phase. Here, we show a comparison between
the spectral peak shifts obtained numerically from Eq.
(17) for a finite system and the shifts obtained from the
analytic expression, Eq. (20), for a cloud of 87Rb atoms.
Both the analytic results and the numerical ones are in
good agreement. The dashed lines in Fig. 6 are the re-
sults obtained from the analytic expression, Eq. (22),
that approximates the scaling behavior for the spectral
peak shift.
Overall we find a nearly linear behavior due to the
mean-field contribution, with a small, negative ∼ 1/n2
correction, as can be seen from Eq. (22), which is due to
the fluctuations and the short-range cut-off.
B. Power spectrum above the BKT transition
Now we discuss the spectrum of the density-density
correlations of 2D Bose gases above the BKT transi-
tion (thermal phase). We calculate the spectrum of the
density-density correlations numerically using Eq. (17)
for a finite size system. Figure 7 shows the spectrum of
the density-density correlations of an expanded cloud of
87Rb atoms for three different correlation lengths r0 after
0.5 ms and 3 ms expansion times.
V. INFLUENCE OF DENSITY FLUCTUATIONS
ON DENSITY CORRELATIONS
So far, we considered only the phase fluctuations of
the condensed phase, as expressed by Eq. (11). In this
section, we include the density fluctuations and analyze
their effect on the density-density correlations and the
spectrum of these correlations in time-of-flight expansion.
We consider small fluctuations of density, and therefore
expand
√
nˆ up to second order in δnˆ as
√
n0(r) + δnˆ(r) ≈ √n0
[
1 +
1
2
δnˆ
n0
− 1
8
δnˆ2
n20
]
. (23)
The contribution of small fluctuations of density to the
two-point correlation function is [34]
g1(r) ∼= Fa(r)
[
1− 1
8
〈(∆δn˜)2〉
]
, (24)
where ∆δn˜ ≡ δn˜(0) − δn˜(r) and δn˜(r) = δnˆ(r)/n0(r).
We calculate the expectation value of (∆δn˜)2 using Bo-
goliubov theory. We find that for temperatures small
compared to the chemical potential, kBT < µ, the den-
sity fluctuations are suppressed, and the two-point cor-
relation function is principally governed by phase fluc-
tuations. This corresponds to the regime λT > ξ,
where λT is the thermal de Broglie wavelength, λT ≡√
2pih¯2/(mkBT ), and ξ is the healing length, related to
the chemical potential ξ = h¯/
√
mµ. For temperatures
kBT > µ, i.e., λT < ξ, density fluctuations are of sizeable
magnitude. They are predominantly due to the thermal
single particle excitations of the Bogoliubov spectrum,
and are approximately
〈δn˜(ri)δn˜(rj)〉 ≈ 1
n0λ2T
e
−pi|ri−rj |
2
λ2
T . (25)
With this, Eq. (24) becomes
g1(r) ∼= Fa(r)
[
1−A(1− e−pi|r|2λ2T )], (26)
where A = 1/(4n0λ
2
T ).
In order to calculate the corrections to g2(r, t) due to
density fluctuations, we consider Eq. 9, and expand the
product of four single particle operators to second or-
der in δn˜, using Eq. (23). Here we focus on the high-
temperature contributions, and ignore further shot noise
contributions due to the commutators between δn˜ and θ˜.
With this, g2(r, t) is given by
g2(r, t) =
1
(2pi)2
∫
d2q
∫
d2R cosq · r cosq ·R
×
(
Fa(qt)2Fa(R)2
Fa(R− qt)Fa(R+ qt)
)(
1 +
1
2
[
〈δn˜(R)δn˜(0)〉
+ 〈δn˜(qt)δn˜(0)〉
]
+
1
4
[
〈δn˜(R− qt)δn˜(0)〉
+ 〈δn˜(R+ qt)δn˜(0)〉
]
− 1
2
〈δn˜(0)2〉
)
. (27)
We use this expression to calculate g2(r, t) numerically
for a finite system, as described above. In Fig. 8, we
compare the two-point density correlation function for
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FIG. 10. (Color online) Power spectrum 〈|ρ(q)|2〉 /n20 of a
quasi-condensate of 87Rb atoms with density n0 = 40µm
−2
after two different expansion times t, (a) t = 1 ms, and (b)
t = 3 ms. The blue, solid line and the red, solid line cor-
respond to τ = 0.2 and τ = 0.8, respectively. These show
the spectrum for phase fluctuations only, see Eq. (17). The
blue, dashed-line and the red, dot-dashed line correspond to
τ = 0.2 and τ = 0.8, respectively, with both density and phase
fluctuations, based on the Fourier transform of Eq. (27). For
the examples with τ = 0.2 we use λT ≈ 0.7µm, for τ = 0.8
we use λT ≈ 0.4µm.
the density and phase fluctuating quasi-condensate to the
phase fluctuating quasi-condensate. We observe that the
correlation function is enhanced by density fluctuations
for distances r <∼ λT and it is mainly given by phase
fluctuations for distances r >∼ λT , with a small reduc-
tion of contrast. We also note that this effect of the
density fluctuations decreases with increasing expansion
time, because of the small length scale associated with
the density fluctuations.
Next, we calculate the spectrum of the density-density
correlations, including the effect of density fluctuations,
i.e., we Fourier transform g2(r, t), given in Eq. (27). In
Fig. 9, we show the spectrum of the density-density cor-
relations as it evolves for short expansion times. Initially,
at t = 0, the power spectrum is just the spectrum of in-
situ density fluctuations, given by
〈|ρ(q)|2〉0
n20
=
1
n0
e−
q2λ2T
4pi . (28)
As the atomic cloud expands, the phase fluctuations
translate into density ripples, and an oscillatory pattern
emerges. Two further examples are shown in Fig. 10.
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FIG. 11. (Color online) The solid lines are the same data as
in Fig. 10, the power spectrum of a quasi-condensate of 87Rb
atoms with density n0 = 40µm
−2, with only phase fluctua-
tions taken into account. The blue, dashed-line and the red,
dot-dashed line also correspond to the same parameters as in
Fig. 10, however, now the contribution due to in-situ density
fluctuations has been subtracted, Eq. (28).
Since we want to extract the scaling exponent τ which
only controls the phase fluctuations, we have to distin-
guish between the features which are due to the density
fluctuations and which are due to the phase fluctuations.
We note that these two contributions occur on very dif-
ferent length scales. This can be easily seen from the
single-particle correlation function shown in Eq. (24).
While the phase fluctuations lead to a slowly decaying
function Fa(r), the density correlations fall off quickly
on a length scale λT , over which the function Fa(r) is
nearly constant. As a result the phase and the density
contributions nearly separate into a sum. A similar ob-
servation holds for g2(r, t). As a result, the spectrum
nearly separates into a sum of two terms, one due to the
in-situ density fluctuations and the other due to phase
fluctuations.
We therefore propose to subtract the contribution of
in-situ density fluctuations from the spectrum, as shown
in Fig. 11. We observe that the resulting spectrum is
essentially just that of a purely phase fluctuating conden-
sate, up to wavevectors q <∼ 1/λT . Especially for q → 0,
the two lines coincide, indicating that only the long-range
contributions due to phase fluctuations are present, as de-
sired. Alternatively, if the in-situ density correlations are
not known independently, the full spectrum can be fitted
with a Gaussian distribution, describing the density fluc-
9tuation contribution, and a fitting function of the form
in Eq. (18), to determine the scaling exponent τ .
VI. CONCLUSIONS
In conclusion, we have analyzed the density-density
correlations of an ultra-cold atomic Bose gas in two-
dimensions, below and above the BKT transition, during
time-of-flight. As a typical example, we considered con-
densates of 87Rb atoms. We first discussed the density-
density correlations and the spectrum of these correla-
tions in time-of-flight taking into account only the phase
fluctuations, and later included the contribution due to
the density fluctuations. We have shown that the quasi-
condensed and the thermal phase of the 2D Bose gases
can be distinguished from the interference pattern ob-
served for the density-density correlations. Below the
BKT transition, this interference pattern is controlled
by the scaling exponent of the quasi-condensed phase.
Above the transition, the oscillating pattern is quickly
suppressed for expansion distances beyond the correla-
tion length. We propose to use the power spectrum of
the density ripples to detect the algebraic scaling expo-
nent τ . We have demonstrated that the spectrum of the
density-density correlations is a superposition of the in
situ density fluctuations term and the phase fluctuations
term. The analytic expression for the power spectrum
without the in situ density fluctuations term can be used
as a fitting function to experimentally detect the alge-
braic scaling exponent of the phase fluctuating 2D quasi-
condensates, after removing the contribution due to in-
situ density fluctuations.
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APPENDIX A
In this appendix, we derive the analytic result, Eq.
(18), for the quasi-condensed phase. The expression
for the spectrum of the density-density correlations for
the phase fluctuating quasi-condensate in two-dimensions
[Eq. (17)] is given by
〈|ρ(q)|2〉
n20
=
∫
d2r cosq · r
(
Fa(qt)2Fa(r)2
Fa(r− qt)Fa(r+ qt) − 1
)
,
(A1)
where qt ≡ h¯qt/m and Fa(r) is the algebraic decay for
the quasi-condensate, which is given by
Fa(r) ≡
(
a2
a2 + |r|2
)τ/8
. (A2)
We consider only the x-component (qx) of the wavevector
q and expand the above integral, Eq. (A1), to first order
in the exponent τ . We get the following first order term:
τ
8
Fa(qtx)2
∫
dx cos(qxx)
∫
dy ln
((
a2 + (x− qtx)2
+ s(y)2
)(
a2 + (x+ qtx)
2 + s(y)2
)(
a2 + x2 + s(y)2
)−2)
(A3)
with s(y) defined as s(y) = L/pi sin(piy/L). Here, we
explicitly kept the expression for a finite size system
and used qtx ≡ h¯qxt/m. After integrating over the y-
dimension of the system and Fourier transforming along
x-axis, we get an analytic expression for the spectrum of
the density-density correlations, which is given by
〈|ρ(q)|2〉
n20
≈ piaτK1(aq)
q
(
a2
a2 + q
2h¯2t2
m2
)τ/4
×
(
1− cos
(
q2h¯t
m
))
, (A4)
which is Eq. (18).
APPENDIX B
In this appendix, we derive the analytic expressions,
Eqs. (20) and (22), from the analytic result for the spec-
trum of density-density correlations, Eq. (A4). The first-
order correction to the location of the spectral peaks is
given by
∆qn = 2m
2(a2m2qn0 + q
3
n0t
2h¯2)
[
2a3m2K2(aqn0)
+ qn0t
2h¯2
(
τK1(aqn0) + 2aqnK2(aqn0)
)]
×
[
4am2K2(aqn0)(a
2m2 + q2n0t
2h¯2)
× (3a2m2 + q2n0t2(τ + 3)h¯2)
+ qn0K1(aqn0)
(
4a6m6 − 2a2m4t2τ h¯2
+m2q2n0t
4h¯4
(
τ(τ + 2)− 12a2q2n0
)
− 8q6n0t6h¯6
)]−1
, (B1)
where K1 and K2 are the Bessel functions of second kind.
After rearranging the above equation and neglecting
the second order term in exponent τ , we arrive at
∆qn ≈ qn0L2n
(
qn0t
2τ h¯2K1(aqn0) + 2aL
2
nm
2K2(aqn0)
)
×
[
qn0
(
2a2m2(a4 − q4nt) + t2
(−2a2τ
+ L2n(τ − 4q2n0q2nt)
)
h¯2
)
K1(aqn0) + 2am
2L2n
× (3L2n + q2ntτ)K2(aqn0)]−1, (B2)
which is Eq. (20). Here L2n(t) = a
2+q2nt, and qnt ≡ qn0h¯tm .
We now consider two cases either aqn0  1 or aqn0  1.
When aqn0  1, the Bessel functions in Eq. (B2) can
be replaced as K1(X) ∼ 1/X, and K2(X) ∼ 2/X2. The
limit aqn0  1, i.e., t ma2h¯ (2n−1)pi translates Ln(t) ∼
qnt. And we get
∆qn ∼ − qn0(4 + τ)
2q2n0(a
2 + 2q2nt)− 5τ − 12
= − qn0(4 + τ)
4(2n− 1)2pi2 + 2ma2h¯t (2n− 1)pi − 5τ − 12
,
(B3)
which is Eq. (22). When aqn0  1, the Bessel func-
tions K1(X) and K2(X) can be replaced by their asymp-
totic values as K1(X) = K2(X) ∼
√
pi
2X exp(−X).
Since, aqn0  1, i.e., t  ma2h¯ (2n − 1)pi and L2n(t) =
a2 + h¯tm (2n− 1)pi, these lead to two limiting cases: either
t  ma2h¯ 1(2n−1)pi or t  ma
2
h¯
1
(2n−1)pi . If t  ma
2
h¯
1
(2n−1)pi
that means Ln(t) ∼ a. We obtain
∆qn ∼ −qn0(2a3m2 + qn0t2τ h¯2)
×
[
qn0t
2(4q2n0q
2
nt + τ)h¯
2
− 2m2(3a3 + a4qn0 − qn0q4nt + aq2ntτ)
]−1
. (B4)
The condition t  ma2h¯ 1(2n−1)pi translates into Ln(t) ∼
qnt, And we get
∆qn ∼ − (2aqn0 + τ)
2a(aqn0 − τ − 3) + 4qn0q2nt
. (B5)
